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TO BERTRAM HUPPERT, ON THE OCCASION OF HIS 60TH BIRTHDAY 
The main part of Michler’s significant paper [9] is concerned with the 
existence of p-blocks of defect zero in finite simple groups of Lie type. He 
proved that such a block always exists if the prime p is odd. The aim of 
this note is to extend his result to the prime 2. Thus altogether we obtain 
the 
THEOREM. Let L he a finite simple group of Lie type. Then for every 
prime p, L has a p-block of defect zero. 
Using the CAS character table system [lo] or the group atlas [4] and 
known results for the alternating groups we can state the following result. 
COROLLARY. Let G be a finite simple non-ahelian group and let p be a 
prime. 
(a) Jf p = 2, then G has a 2-block of defect zero unless G is isomorphic 
f0 
(i) M,,, M,, , M,, , J,, HS, Suz, Ru, C1, C3, BM, or 
(ii) A,, where n is not of the form n = (:) + s with k e N and 
SE (0, 2). 
(b) If p = 3, then G has a 3-block of defect zero unless G is isomorphic 
to 
(i) Suz, C3, or 
* This paper is a contribution to the research project “Darstellungstheorie endlicher 
Gruppen und endlich-dimensionaler Algebren” of the DFG. 
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6) A,, where n is not qf the form n = t’ +s2-st +s with t, 
SENU{O}. 
(c) In case p 3 5, G has a p-block of defect zero if G is not isomorphic 
to an alternating group. 
Remark. In part (c) of the corollary, we do not know the exceptions in 
the alternating series. Recently, A. 0. L. Atkin and B. Olsson proved that 
for p = 5, 7, and 11 all the alternating groups have p-blocks of defect zero 
(unpublished). Thus there is some evidence to conjecture that for p 3 5 a 
finite simple non-abelian group always has a p-block of defect zero. 
In the following we use the notation of [3, 93. If not otherwise stated, p 
always denotes the prime 2. According to the Steinberg character in groups 
of Lie type we may assume that the describing characteristic r of L is 
different from 2. 
Unfortunately, as for p odd, we check the assertion of the theorem case 
by case. It would be very commendable to elucidate the situation further by 
giving a coherent comprehensible proof, but such an insight is still missing. 
The proof here follows the same line as the proof in [9]. Let L be a finite 
simple group of Lie type defined over a finite field GF(q) with q =rm 
elements (r a prime) and let G be a simply connected simple linear 
algebraic group with endomorphism r~ such that L z (G,/Z(G,)‘, where G, 
denotes the fixed points of 0 on G and Z(G,) = Z the center of G,. Now, 
we proceed as follows. 
For each group L find a maximal o-stable torus T of G with the 
following properties: 
(i) lTA2= IZ12. 
(ii) There exists a character 0 E F’, = Hom( T,, C’) which is in 
general position, i.e., I{ 0” 1 u’ E I+‘(T),} I = I I+‘( T),l, where W(T) denotes 
the Weyl group of T. 
(iii) Zs Ker 0 for 0 in (ii). 
If this is done, consider the DeligneeLusztig character R,, Because of 
(ii), R,:, defines up to a sign an irreducible character of GJZ, say x (see 
[3, 7.3.5, 7.2.81). Since x( 1) = IG,/Z: T,,/Zl rl [3, 7.5.11 and 2 E r’, condition 
(i) implies IG,,/Zl z = x( 1 )2. This means that x belongs to a 2-block of G,/Z 
of defect zero [7, Chap. IV, 4.201. Now each constituent of the restriction 
of x to the commutator group (GJZ) = L determines a 2-block of defect 
zero for L. 
Before we start with the proof, let us mention the following two facts: 
(1) For PSL(2, q) the result follows immediately from the known 
character table. In all other cases we use the procedure described above. 
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(2) In both cases P odd and P even, an irreducible character of defect 
zero which we construct explicitly is a constituent of the restriction to Gb of 
either an irreducible semisimple character or an irreducible unipotent 
character of G,. If we work exclusively with groups having connected 
center, we have Lusztig’s Jordan decomposition for characters (see [3, 
P. 3911) 
IrrdG,) 3 x +-+ (x,, xd 
Here xS denotes a semisimple character of G, and xu a unipotent character 
of C,.O.(s*) for a suitable semisimple element s* E G*. Thus one might 
think that YE Irr,(Gh) belonging to a P-block of defect zero is always a 
constituent of the restriction of some ~~1rr,(G,), where x corresponds to 
either (x,, 1) or (1, x,). Unfortunately, this is not the case, as we shall see 
in Remark 2.6. 
1. CLASSICAL GROUPS 
For the reader’s convenience we restate a weak extension of Lemma 4.1 
of [9]. 
1.1. LEMMA. Let p he any prime. Let 2 < 1 E N and let q # 0 he an 
integer. Suppose that p dioides (q - 1, I + 1). [f (q - 1, I + 1 )p = (I + 1 ),, , then 
(l+q+q*+ ~~~+q’),==(I+1),orp=2and(q-1,1+1),=2=(q-1)2. 
Proqf Write 
(q- 1, I+ l),=p”s 
(l+ 1)11= p”t 
(4 - 11, = PhK 
where (s, p) = (t, p) = (u, p) = 1 and h >a> 1. With this notation we 
obtain 
1 + q + q* + ‘. + q’ 
= 1 + (I + phu) + (1 + 2phu) + . . . + (1 + Iphu) (mod p2”) 
1(1+ 1) 
=(I+l)+-PPhU (mod p*‘). 
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Thus 
2(1 +q+q2+ “’ +q’)=2(1+1)+1(1+1)phu (mod p2b) 
= 2(1+ 1) + p”+%tl (mod p2b). 
In particular, we have 
2( 1 + q + q2 + + q’) = 2(1+ 1) (mod p”+ ‘). 
If p#2, then (l+q+q2+ ... +q’)P=(l+l)P. In case p=2 and 
(1 +q+q2+ ... +q’)2#(1+1)2 we obtain b=a= 1. Hence (,+1,4-l),= 
2= (q- l),. 
1.2. PROPOSITION. If L is a finite simple group qf Lie type A,(q) or 
‘A,(q), then L has a 2-block of defect zero. 
Proof Let G,=A,(q)=SL,+,(q), q=r”‘and 2#r. For I= 1, the asser- 
tion can easily be checked using the well-known character table of 
PSL,(q). Thus we may assume that I> 2. The Coxeter torus C of G, is 
generated up to conjugacy by the element 
cO = diag(.P’, sy’~ ‘, . . . . s), 
where s= t/P and t = GF(q’+‘)-’ (see [l, p. 3961). 
We put c = cAz’ and claim that c is in general position. If not, then as in 
Cl, P. 3961 
.? E GF(q’“)’ for some m<l+ l,mll+ 1. 
Hence s~~~(~“‘~ ‘)= 1, and as 1.Z Iq- 1 we obtain 
p- IH4” I)= 1 
This contradicts o(s) = 1 + q + . . + q’. Furthermore, since C is cyclic, 
there exists a IV,,-isomorphism 
A : C + c = Hom(C, C”) (see [ 141). 
Hence 0 = ? is a character in general position and Z c Ker 0. 
If 2 1 IZI = (I + 1, q - 1 ), then we are done by the argument given in the 
Introduction. If2lIZI and (/+l,q-l),=(I+l),, then by Lemma 1.1 we 
also succeed with the pair (C, 0) or 
(I+l,q-1),=2=(q-l),. 
But this is the case of the remaining equation (I + 1, q - 1 )2 = (q - 1 )2 we 
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have to deal with. Since q = 1 (mod 2) and 1 E -1 (mod 2), we obtain 
k-lL=(q’-1)2. 
Hence IZI z = (q’- 1)2. We now consider the maximal torus T of G, 
corresponding to the partition 2 = (1, I) [2, Proposition 2.31. 
Up to conjugacy, T is generated by 
t, = diag(s,, s, sy, . . . . sy”), 
where so = s ~ ( 1 + 4 + ” + Y’- ’ ) and (s ) = GF(q’)‘. Put t = tb”‘. Then as in the 
case working with the Coxeter torus, 0 = i defines a character of T in 
general position with Z in its kernel. Since 1 TJ = q’- 1, the pair (T, 0) 
leads to the desired assertion using the argument given in the Introduction. 
If q is replaced by -q in the above arguments, the same proof works in 
case G, = 2.4,(q) = SU,+ 1(q). 
1.3. PROPOSITION. If L is a finite simple group of Lie type C,(q), then L 
has a 2-block of defect zero. 
Proof As always, we may assume that 2 l q. First, we consider the 
Coxeter torus C of (B,),,(q)= SO *,+ i(q) corresponding to the cycle 
M’ = (1) 2, . ..) 1) ~. Let s E GF(q*‘)’ with o(s) = q’ + 1. Then C is generated by 
~~=diag(~~‘~‘,~~~‘~‘,.~~‘~~,~~~‘~~, . . . . s~,s~~,s,  ml, 1) 
(see [ 1, p. 4001). Define c by c := ci. Obviously, s $ GF(q’) for t < 21, t 121. 
Next, we claim that all the elements in c are different. Suppose not. Then 
sY’=s*Y’ for i#j. 
This yields the contradiction 
o(s)=q’+l)q’fl for some jE { 1, . . . . I- 1). 
Thus, by [l, p. 4003, we obtain that c is a regular element of C. Now, let 
C’ be the Coxeter torus of (C,),,(q). 
By duality (see [ 14]), the character group c^, contains a regular element 
0’ with Z= Z((C,),,(q)) E ker 0’. Since we are working in the simply 
connected case, 0’ is in general position [l, p. 3903. 
If lC’12 = (q’+ 1 )2 = 2, then the pair (C’, 0’) leads to the assertion as 
(ZI = 2. Thus we may assume that 41 ICI. 
Next, we consider the maximal torus T of (Bl)ad(q)=S02,+1(q) 
corresponding to the cycle w = (1, 2, . . . . 1). T is generated by t, = 
diag(1, s, s-‘, sy, spy, . . . . sy’-‘, spy’-’ ), where (s) = GF(q’)“. Again put 
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t = ti, and suppose that t is not regular. sy’ = s *q’ for some i # j. It follows 
that 
q’-lI(qk*l) for some k~ (1, . . . . I- l}, 
a contradiction. Thus t may be assumed to be regular in T. This means that 
the corresponding torus T’ in the dual group (C,),,(q) has a character 0’ in 
general position with the center of the whole group in its kernel. Further- 
more IT’lZ=2, since IT’\ =q’- 1 and 4)q’+ 1 = ICI. Now use (T’, 0’) to 
complete the proof. 
1.4. PROPOSITION. If L is a finite simple group of Lie type B,(q), then L 
has a 2-block of defect zero. 
Proof: Since 2 does not divide q, we have (q’+ 1, q’- 1) = 2. Thus as 
shown in the proof of Proposition 1.3, the group G, = (B,)ad(q) = 
SOz,+ 1(q) has a cyclic torus T, with 1 T,I, = 2. Moreover, this torus 
contains a regular 2’-element, say x. 
Now let n: G’ + G be the universal covering of G and let O’ be the 
unique endomorphism of G’ such that Z7o’ = oI7. Furthermore let T’ be a 
maximal torus of G’ with I7T’= T. By [12, 9.16, 12.61 
(1) WC,,)= T,nG,,, where G,, is the subgroup of G, generated by 
the unipotent elements; and 
(2) ToIT, n Gnu g G,/Gm. 
Now G,, =Q:+,(q) is the commutator group of G, or likewise the 
kernel of the spinor norm [ 12, 12.6; 131. Thus IG,/G,,I = 2 and therefore 
.YET,~G,, = I7( TA.). Choose y E T&, such that Z7(y) =x. Since x is 
regular, y is also regular, hence in general position as G’ is simply connec- 
ted [12, 9.171. Furthermore T&.=Z(G,,) x R, where IZ(G,,)l =2 and R is 
a cyclic group of odd order. Thus we may assume that R contains an 
element in general position. Since R is cyclic, ?i, contains a character 0 in 
general position with Z(G,.) c ker 0 (see [ 141). Now continue with the 
argument given in the Introduction with the pair (TL., 0) for the 
group GA.. 
1.5. PROPOSITION. If L is a finite simple group of Lie type D,(q) or 
2D,(q), then L has a 2-block of defect zero. 
Proof First, suppose that 2 does not divide q, 
Case (1). L is of type D,(q). 
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As for the groups Sol,+,(q), it is easy to see that SO,,(q) has a cyclic 
maximal torus T of order q’- 1. Assume that 4 1 q’ - 1. By the work of 
Veldkamp [ 1, p. 3981, T contains 2’-elements in general position (note 
that the Sylow 2-subgroup of T is the center of SO,,(q)). Since SO,,(q) is 
its own dual, T has a character 0 in general position and of order prime to 
2. Using (T, 0) we can complete the proof with the arguent given in the 
Introduction. Thus we may assume that 4 I q’ - 1. 
Let G,=(D,),,(q), and suppose that 41q- 1. Then ((q+ l)(q’-‘+ 1))2=4. 
By [S, 4.141, G, contains a maximal torus T of order (q + 1 )(q’ ’ + 1). 
This torus contains regular elements by [ 1, p. 3971. Next, we claim that in 
case 4 1 q - 1, there also exists a torus with regular elements and whose 
Sylow 2-subgroup has order 4. 
To prove this, let 4Jq-1. Since 41q’-l=(q-l)(l+q+ . ..+q’-‘). 
the degree I must be even. Therefore 8 1 (q2 + 1 )(q’- 2 + 1). Again by the 
results of Gager [8, 4.141, there exists a maximal torus of order 
(q2+ l)(q’P2+ 1). 
By Veldkamp [ 1, p. 3973, this torus contains regular elements except 
possibly in case I = 4 and q < 5. Since 2 1 q, the only exceptional case is L of 
type D,(3). For this group the assertion of the proposition follows from the 
character table in [4, p. 137-1401. 
Altogether, we have found a maximal torus T of G, with regular 
elements and 1 TI z = 4. Now we pass to the dual group G, = Spin,,(q) which 
is of simply connected type. 
It follows that this group has a maximal torus T’ with I T’I 2 = 4 and T’ 
contains a character in general position, say 0. 
Since 4 I q’ - 1, the center Z of G, is a Sylow 2-subgroup of T’;2Write 
T’ = Ti x T;. where T; E Syl,( T’). Then 0 = Or@, where 0, E T; and 
B2E 2,. Since 0; = 0, for all bt’~ W,, the character 0’ = 0 .O; ’ is in 
general position. Moreover, Zc ker 0’ and the pair (T’, 0’) leads to the 
assertion of the proposition in the non-twisted case. 
Case (2). L is of type ‘D,(q). For the following, see [S, Sect. 6.41. 
SO; (q) has a cyclic torus of order q’ + 1. If 4 j q’ + 1, we are done since 
that torus contains elements in general position of order prime to 2. 
Let G be of adjoint type and assume 4 I q’ + 1. Then I is odd. Since 
4 I q’+ 1, we obtain that 4 1 q - 1, and 
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Furthermore G, has a maximal torus of order (q - 1 )(q’- ’ + 1) which con- 
tains regular elements [l, p. 4051. We now continue as in the non-twisted 
case. 
1.6. Remark. The simple group of Lie type O,(3) is the group PsZ,+ (3) 
which is of order 212 .312 52 ‘7 13. This group has exactly two 2-blocks of 
defect zero with character degrees 
xi(l)=2’z.52.7 (see C41). 
We have a short exact sequence 
(l)-+(-e)+Spin,(3)+R,+(3)-+(1), 
where e is the identity element of the associated Clifford algebra. Further- 
more the center Z of Spin,(3) is of order 4. Let G be a simply connected, 
simple linear algebraic group such that 
G, = Spin,(3). 
By inflation, we consider xi as characters of G,. We claim that 
for some o-stable maximal torus T and some character 0 E f’, in general 
position. The degree formula for the Deligne-Lusztig character forces 
131 ITA. , 
By [8, 4.181, there is a To with elementary divisors (33 - 1) and (3 - 1). 
Thus T, = T, x C,3 where T, = Z(G,) E Syl,( T,). Since T, corresponds to a 
3 cycle permutation, one easily computes that W(T), E C, x C3. This 
group acts faithfully on the cyclic group of order 13 in T,. Thus there exists 
0 E TV in general position and of order 13. Hence xi is of the form ERR,*. 
2. EXCEPTIONAL GROUPS 
In this section we have to deal with the groups 
(a) 2&(22”+ ‘), 2Fq(22m+‘), ‘FJ2)‘; 
(b) 2G2(32m+‘); 
(cl 3~4(q); 
Cd) G,(q), F,(q), -Q(q), -G(q), &i(q), 2&(q). 
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2.1. PROPOSITION. All groups in (a) have a 2-block of defect zero. 
Proqf. This follows immediately from the existence of the Steinberg 
character. 
2.2. PROPOSITION. Both ‘G2(3*“‘+ ’ ) and ‘D4(q) have 2-blocks qf dqfect 
zero. 
Prooj: For the first group the character table has been computed by 
Ward in [ 161. Deriziotis and Michler proved the assertion for the 
Steinberg triality (see [ 51). 
2.3. PROPOSITION. Each of the simple groups qf the Lie type G,(q), 
F,(q), and E,(q) have a 2-block of defect zero. 
Proof: For the orders of the Coxeter tori we have 
Group Order of the Coxeter torus 
G,(q) 4*-q+ 1 
F,(q) q4 - q’ + 1 
E,(q) q8+q7-q5-q4-q3+q+ 1 
Since we may assume that 2 :, q, the Coxeter torus has odd order in each 
case. By [ 1, Theorem 11, these tori contain elements in general position, 
hence characters in general position, since G,(q), F,(q), and E,(q) are self- 
dual. 
Now the arguments given in the Introduction finish the proof. 
2.4. PROPOSITION. Let L be afinite simple group of type E,(q) or *E6(q). 
Then L has a 2-block of defect zero. 
Proof: First, we consider the case G, = E,(q). As always, let 2 j q. There 
are two tori in G,, say E, (Coxeter torus) and E,(a,) which have elements 
in general position [l, p. 421, Proposition 81. Furthermore 
and 
IE6l =(q’+q+ l)(q4-q2+ l)- 1 (mod 2) 
IE6(al )I = 8 + 4’ + 1 E 1 (mod 2) 
(I&l, I&(aI)l)= : 
if 3/q-1 
otherwise. 
Since in both cases the Weyl group W, is cyclic [ 1, p. 4201, Brauer’s per- 
mutation lemma yields that each torus has a character in general position. 
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Now, if 3 j q - 1, the usual proof works using the above tori (Note that 
Z(G,)= (1)). Thus suppose that 31q- 1, hence IZ(G,)l = 3. An easy 
calculation yields 
I&(q,)l, = 3 = IZ(G,)l. 
Put T= E,(a,) = T, x T,,, where T, E Syl,( T). Since T, = Z(G,), the first 
section of the proof shows that we can find a character 0 in general 
position whose order is prime to 3, and we are done. If q is replaced by -q 
in the above arguments, the same proof works for the twisted group *E6(q) 
(Use [ 1, Proposition 91). 
2.5. PROPOSITION. [f L is a finite simple group qf type E,(q), then L has 
a 2-block of defect zero. 
Pro@ There is a maximal anisotropic torus, say E,, of order 
I&l =(q6-q3+ l)(q+ 1) [ 1, p. 422, Proposition lo]. 
Moreover, this torus contains elements in general position, hence charac- 
ters in general position, since the Weyl group is cyclic. We have 
lZ(E,(q))l = (2, q - 1) = 2. (Observe that q is assumed to be odd.) Thus we 
are done, if 
(q + 1 )I = 2. 
Hence we may suppose that 4 I q + 1. Consider now the torus T 
corresponding to the admissible diagram A, ; i.e., if 
i:=-’ 0 
and MI = (M., u’~u’~)(w~w~ ,), then T corresponds to the Weyl element w. 
One easily computes #(IV) = 7 and C,(w) = (w ) x (w’), where IV’ is 
of order 2. Thus the Weyl group W, is cyclic of order 14. Moreover M” 
inverts all elements in T,. For this, see [11, 5.41 and observe that 
X(T)l(a* - 1) X(T) 2 T, as WV-groups. Since ( T,l = (q - 1 )(q6 + q5 + . . . 
+ q+ l)=q’- 1 and 4lq+ 1, we obtain 
I TcS2 = 2. 
By [ 151, w does not act trivially on T,. Thus there exists an orbit of length 
7 on PO, say 0 = { 0,) . . . . O,}. Since Z(E,(q)) is a Sylow 2-subgroup of T, 
we may assume that 2 [ o(Oi). If w’ does not stabilize 0, we get an orbit of 
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length 14 and we are done. In the remaining case, 0, = 0;’ = O,- ’ for some 
i, a contradiction to the order of 0,. 
2.6. Remurk. As mentioned in the Introduction we now construct a 
character of defect zero arising from a character of mixed Jordan decom- 
position. Let L = G, = E,(q), where q = 25. This group is its own dual. By 
[6], there is a semisimple element s* E L* = E,(q) with C,.(s*) = E,(q). Z, 
where Z=Z(C,*(.s*)) is of order q- 1. Note that the center of E,(q) is 
trivial in this case. For the prime p, we take p = 3. C,,(s*) has a unipotent 
character x, of degree 
XJl) =t4’1~742434 d 4 d d 2 4 6 x IO I2 14 IX 
(see 13, p. 4831). In 191, Michler has shown that xU belongs to a 3-block 
of defect zero. Furthermore s* corresponds to a geometric conjugacy class 
(T, 0) in L = E,(q) [3, 4.4.61 and to this class there corresponds exactly 
one semisimple character, say xs [3, p. 3791. Now, take x~Irr~(L) with 
Jordan decomposition 
xtf (X,> X”), 
Since I( 1) = xs( 1) x,( 1) [3, p. 3921, x belongs to a 3-block of defect zero. 
Similar examples are also available in classical groups. 
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